SELF-DIFFRACTION IN POPULATION GRATINGS by FRAGNITO, HL et al.
Vol. 4, No. 8/August 1987/J. Opt. Soc. Am. B 1309
Self-diffraction in population gratings
H. L. Fragnito, S. F. Pereira,* and A. Kiel
Universidade Estadual de Campinas, Instituto de Fisica, Campinas 13081, Sdo Paulo, Brazil
Received September 8, 1986; accepted March 23, 1987
We present a nonperturbative theory of self-diffraction in thick, pseudostationary population gratings induced by
the interference of two nearly collinear incident laser beams of arbitrary relative and absolute intensities. At large
saturation parameters, the grating becomes nonsinusoidal, and high-order diffraction occurs efficiently. We obtain
an exact expression for the Fourier coefficients of the grating that significantly simplifies the interpretation of the
various coherent coupling mechanisms and permits efficient computer simulations. In the case of small depletion
of the pump waves, we obtain simple analytic expressions for the scattered intensity into any order of self-
diffraction. We present our results in a manner that should aid an experimenter in choosing the optical thickness of
the unsaturated medium and the sum and ratio of the pump intensities to obtain optimum diffraction intensity in a
given order.
1. INTRODUCTION
In a recent letter' we presented a novel nonperturbative
theory of self-diffraction in population gratings induced by
the interference field of two incident waves. In this paper
we give further details of that theory along with some new
theoretical and computational results.
The treatments of the multiwave scattering phenomena
involved in diffraction by population gratings have generally
either used a sinusoidal grating,2'3 which is equivalent to
using a perturbation approach and is never adequate for
large saturation parameters, or have gone rather directly to a
computational approach4-6; other studies have used the
transmittance function method7' 8 that is valid only for thin
gratings. 9 In our method, based on a Fourier expansion of
the nonlinear polarization, we are able to obtain analytic
expressions that, in the limit of small depletion of the pump
beams, give reasonable results for arbitrarily large satura-
tion parameters. Even in the case of large depletion and
saturation, the analytic expressions greatly simplify the
computational technique for evaluating the scattering to any
order and also aid in the physical interpretation of the re-
sults.
We consider a medium composed of absorbing molecules
dispersed in a transparent host or solvent. We assume that,
for the experimental conditions considered here, these mole-
cules are distributed just between two states, the lower with
probability no and the excited state with probability n, = 1 -
no. The response of this medium to a monochromatic opti-
cal field /2 E(r)exp(iwt) + c.c. can be described by a polariza-
tion /2P(r)exp(iwt) + c.c., with
P = eo(fl2- 1)E + o(noxo + nlx,)E. (1)
The first term above is the polarization that is due to the
solvent, which we assume linear, with refractive index 7 (o is
the dielectric permissivity of vacuum). The remaining
terms represent the contribution of the absorbing molecules,
where xo is the contribution to the total susceptibility of the
medium that would be obtained if all these molecules were in
the ground state. In the small-signal limit we have no = 1, n1
= 0, and the polarization is linear, with susceptibility 2 - 1
+ xo. Analogously, if all the molecules were in the excited
state, the susceptibility of the solution would be 2 - 1 + Xi.
The nonlinearity of the medium resides in the fact that xi #d
xo and that the populations depend on the intensity I =
1/2eoflcIEI2. When this intensity is spatially modulated, one
has a population grating that can diffract any wave travers-
ing the medium. In particular, the wave(s) that induce the
grating are also diffracted (self-diffraction).
It will be convenient to separate the optical polarization
into linear and nonlinear parts; rearranging Eq. (1), one
obtains
P = 60(1- 1 + xo)E + PNL'
PNL =Eonl(xl -Xo)E (2)
The general expression for the excited-state population in
the steady state, including saturation, is
n = WUPA(Wup + Wdown + lT,), (3)
where Wup = aI/h is the rate of upward-induced transi-
tions (a is the ground-state absorption cross section at fre-
quency w), Wdown = eI/hw is the rate of downward-induced
transitions (e is the stimulated emission cross section), and
T, is the excited-state lifetime.
Substituting Eq. (3) into Eq. (2), we obtain
PNL = EoXNLES/(1 + S), (4)
where XNL (xi - xo)/(l + ae/oa) and S II is the satura-
tion parameter; Is = hcoTl(a + -e) is the saturation intensi-
ty.
We have derived an exact Fourier expansion of the term SI
(1 + S) in Eq. (4) (see Section 2, below) on which the theory
is based (Section 3). This expansion facilitates the under-
standing of the population grating and the high-order self-
diffraction. The analytic results provided us with a means
to develop efficient and simple computational algorithms to
solve the coupled-wave equations for arbitrary diffraction
orders, saturation, and grating thickness.
There are a number of cases in which Eq. (4) can be used to
describe population gratings; examples are saturable and
reverse saturable absorbers, photochromics (in the limit of
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infinite exposures), and two-level atoms with homogeneous
broadening. Care should be taken, however, to ensure that
only one excited state is promoted and that its population is
stationary on the time scale of the experiment. For an
organic dye in solution, for example, a stationary population
grating involving the first-singlet excited state would require
a laser pulse duration much smaller than the inverse of the
intersystem crossing rate to avoid populating the triplet.
However, the pulse duration should be larger than the fluo-
rescence lifetime to ensure steady-state populations within
the singlets. In addition, the laser intensity should be such
that the transition rates Wup and Wdown remain small when
compared with the vibrational and cage relaxation rates (as
well as with the internal conversion rate between excited
states, if transitions take place to higher excited states). For
a typical dye these conditions would mean nanosecond
pulses and intensities smaller than few gigawatts per square
centimeter. Another point to be taken into account, in the
case of dyes in liquid solutions, is the thermal grating effect;
this can be minimized by using a convenient solvent such as
water and working with the shortest pulses compatible with
the above conditions.
Although the condition of pseudostationarity of course
limits the applicability of our results, we point out that a
number of interesting experimental situations are contained
in this regime. The treatment of population gratings pre-
sented in this paper applies directly to a two-level system
with homogeneous broadening, which is a special case when
x1 = -xo and Ue- = 0 a (Wdown = Wup). Generalizations to
permit treatment of inhomogeneous broadening and tran-
sient populations should not present serious problems, al-
though the interpretation and computational methods may
not be so straightforward as those for the pseudostationary
population grating. In Section 4 we briefly discuss these
generalizations and the case of more than one excited state,
such as a grating involving an excited singlet and a triplet in
a dye molecule. The generality of the results for population
gratings perhaps accounts for the interest that they have
attracted in a wide variety of applications. 2 5,7 10 20
2. THE POPULATION GRATING
Consider now the field produced by the superposition of two
plane waves of (complex) amplitudes Eo = IE0o:exp(iO0o),
with identical polarizations and vectors making a small
angle 200 (within the medium), as is indicated in Fig. 1:
E(°) = E0+ exp(-iko+ r) + E0 - exp(-iko -r). (5)
This field produces a spatially modulated saturation param-
eter (we shall suppress the dependence on z in all functions
S, I, 0, and the Fourier coefficients to follow until Section 3)
S(°)(x) - 'I/2 -cIjE(O)j2/II = So + S1 COS(KX + AO), (6)
where So (Io+ + Io-)/II, S 2A/I~oI/Is, A n
ko- - Oo+, Io' = 1IEo?1IEo-'2, and K 27rA. Here A X/2 sin 0
is the spatial period of the interference pattern (X is the
wavelength and 0 is the angle of incidence, both in vacuum).
The distribution of molecules in the excited state
nj(x) = (1 + e/a')1S(0)(x)/[1 + S(°)(x)] (7)
is shown in Fig. 2 [normalized to nj(0) and for the case Io+ =
Io-, where S = So] for several values of So. One can see from
this figure that for So << 1 (see the curve with So = 0.01),
where nj(x)/n,(0) 1/2 + 1/2 COS(KX + AO), one has a purely
sinusoidal population grating. As So increases, the regions
rich in excited-state molecules spread, whereas the regions
with a predominance of ground-state molecules contract,
resulting in distortions, herein referred to as anharmonici-
ties, of the grating. The anharmonicities of the population
grating become more evident if we consider the Fourier
expansion





Fig. 1. Geometry for nearly collinear wave mixing. All waves are
TB polarized (E vectors perpendicular to the plane of incidence, xz).
Incident wave vectors k+ and k- make an angle 20 in vacuum and 20o
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Fig. 2. Normalized grating function n(x)/n(0) (distribution of
excited-state molecules), showing the nonsinusoidal shape as the
saturation increases.
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Cn = A exp(-inKX) dx. (9)
'A o + S()X
This integral can be solved by using residue calculus in the
complex plane, giving
[A/(1 +~ S) -S1 I So] nICn [ 0 2S 1 21 ] exp(in&A). (10)
S1'n' (1 +S 0)
2 -S 1
2
These Fourier coefficients C = C(z) would supply an
exact description of the thick, nonsinusoidal population
grating if the latter depended only on the pump waves.
However, in the general case, the waves generated by self-
diffraction also contribute to the saturation parameter, thus
modifying the grating shape. This situation is treated in
Section 3.
3. SELF-DIFFRACTION IN THE POPULATION
GRATING
The effect of the population grating on an electromagnetic
wave can be understood by writing the wave equation as
follows:
IV2 + (/C) 2 [n 2 + X0 + XNLS/(1 + S)])E = 0. (11)
In the general casey XNL = X'NL + iX/rNL is a complex quanti-
ty; its real part contributes to the total refractive index of the
solution, flTOT = [n2 + X' + X'NLS/( + S)1/ 2 , and the
imaginary part includes the nonlinear contribution to the
absorption coefficient (neperian), TOT = -(wf/c) [X"0 +
x"NLS/(1 + S)]. A saturable absorber thus exhibits a spatial
modulation in both the refractive index (phase grating) and
the transmittance (amplitude grating). As a wave traverses
the population grating, a modulation is imposed on both the
phase fronts and the surfaces of constant amplitude of the
wave, giving a far field that is interpreted as a diffraction
pattern. From another point of view, one can elucidate this
effect in terms of wave mixing through a nonlinear polariza-
tion. Using Eq. (8) for S/(1 + S) and comparing with Eq.
(4), one can obtain the relation between the spatially modu-
lated optical constants and the Fourier components of the
high-order nonlinear polarization [Eq. (1)].
Using an analogy with the frequency-domain theory of
passive mode locking of lasers,21 the grating induces spatial
sidebands on both laterals of the k vector of any incident
wave. A sinusoidal grating with period A = 27r/K along the x
direction modulates k such that components k + K are
produced. As these sidebands grow in the medium, one can
think of them as new incident waves, and continuing the
above argument one sees that a family of waves will be
generated with k vectors whose x components are knx = kx
k nK (n = 0, 1, 2,. . .). Conventionally, one refers to the wave
with knx' as the ±nth diffracted order. In the case of a pure
sinusoidal grating, the +nth-order diffraction implies a sim-
ple sequence of n iterations, since a harmonic modulation in
the optical constants couples a given order n with and only
with the adjacent orders n + 1. Because this stepwise pro-
cess needs some space to develop, high-order self-diffraction
is likely only in thick sinusoidal gratings. A nonsinusoidal
grating, on the other hand, can be thought of as a superposi-
tion of a number of sinusoidal grating with periods A/2, A/3,
A/4 .... Thus sidebands at the positions of the high orders
are produced in a single step (by first-order diffraction in the
various periodicities of the grating), and if, in addition, the
grating is thick, the k spectrum is further expanded (up to
the limits imposed by absorption and phase mismatch). As
a result, high-order self-diffraction in nonsinusoidal gratings
can be efficacious, despite the fact that the usual conditions
for high efficiency in sinusoidal gratings (such as the condi-
tions for Bragg diffraction or the Raman-Nath regime) may
not be satisfied.
The above discussion shows that, in order to study the
field evolution in a population grating at high intensities, we
must be prepared to deal with an arbitrary number of dif-
fracted orders. We thus write for the total field within the
medium
E = E(°) + BE
_ Z {En+ exp[i(n + '1/2)Kx]
n=0
+ EnJ exp[-i(n + /2)Kx]1exp(-iflnz). (12)
Here En are slowly varying functions of z(IOEn'/lzI <<
i3WnEn'b) that denote the complex amplitudes of the various
diffraction orders. In self-diffraction the pump waves are
interpreted as zero order, although they exchange energy by
first-order diffraction (indeed this process is efficient since,
for this pair of waves, the Bragg condition is automatically
satisfied). Equation (12) represents a double family of in-
homogeneous plane waves, that is, waves whose planes of
constant amplitude do not coincide with their planes of
constant phase. The boundary conditions are EnA(0) = 0 for
n > 0 and EoA(0) = IEO'(O)I exp[i0oA(0)]. Because the grat-
ing introduces modulation only in the x direction, one is
tempted to write the propagation vector for the ± nth order
as kn = ko' + n(ko+- ko-), thus having knx' = ±(n + 1/2)K
and knzz = (q/c)cos 00. However, such a propagation vec-
tor would not satisfy the dispersion relation of the solvent,
(kn-) 2 + (knz+)2 = (cq1/c)2 . For this reason, we have written
the rapidly oscillating z-phase factor as exp(-iI3nz), and we
choose
3n = (77/c) [1 - (2n + 1)2 sin2 00]1/2; (13)
hence the dispersion relation (knx )2 + On 2 = (7/c) 2 holds.
Diffraction of a probe wave can be treated by using the
population grating, as was described in the Section 2, but
with Fourier coefficients that are functions of z. In the self-
diffraction problem, on the other hand, the grating profile
depends on z not only because 'of attenuation but also be-
cause of the contribution of the generated waves to the
saturation parameter. We may assume, however, that the
amplitudes of the generated waves, though detectable, re-
main small when compared with that of the zeroth-order
waves2 2 : IEn_' << IEo0 I n > 0. We then solve the wave
equation [Eq. (11)] to first order of the approximation of c3E
but to all orders in E(°). To do this, we write
S = S(°) + S = S(°) + /2Eo?7[E(O)E* + E(O)*bE]/I, (14)
where we neglected a term with I6EI2 in S. To first order in
BE, Eq. (11) becomes
(c/~,)V2 + ~2+ XO + XNL)E = XN () [ + (o)]21
{1 +ES0 [1 + S ]
(15)
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Our strategy now is to perform a multiple Fourier expan-
sion for the transverse coordinate x in this equation; this can
be accomplished without further approximations. We con-
sider first (Subsection 3.A) the special but important case of
equal-intensity incident waves, Io+(0) = Io-(O); the case of
unequal pump waves will be treated in Subsection 3.B.
A. Equal Pump Waves
Because of the symmetry of the problem when the pump
waves have equal intensities, we may choose AO = 0 and
En+(z) = En-(z) = En(z) for all n and z. Equating the terms
with the same x dependence in Eq. (15), we obtain the
following set of coupled nonlinear equations:
-(2iflnc 2/ 2) d En + (xO + XNL)En
dz 0+XN)f
= XNL exP(iilnz) CnoEo + Cn.R.
m=l
+ Dnm(EmEOE*O + R*.RO2O) , (16)
where Em = Em exp(-iomz), Cnm = Cn-m + Cn+m+i, and Dnm
= Dn- + Dn+m+l, with D = 2C(S - 1ln/1 + 2 So)/(l
+ 2So).
The terms containing the Cnm coefficients in Eq. (16)
describe the direct scattering in the anharmonic grating in-
duced by the pump waves alone. Our previous contention
that all diffraction orders contribute simultaneously to the
nth pair of waves is amply justified in this equation. The
terms containing the Dnm coefficients take into account the
fact that the interference of the generated waves with the
pump waves introduces further modulation in the popula-
tion grating. Scattering of the pump waves by these extra
modulations contributes to all the diffraction orders by an
amount that is linear in E (note, however, that contribu-
tions resulting from scattering of the generated waves by
these extra modulations are negligible since they enter as
5E
2 or even higher orders).
In spite of the apparent complexity of Eq. (16), owing to
our knowledge of exact analytic expressions for the Fourier
coefficients, a numerical integration to any desired order is
quite simple and fast.2 3 Before discussing the general pro-
cedure, however, let us introduce an approximate but ana-
lytic and useful solution, valid for the case of negligible
depletion of the pump waves. If we neglect all terms con-
taining Em with m > 0 and assume constant values for E0,
Cm, and S0 on the right-hand side of Eq. (16), we obtain, for
the scattered intensities [In(z) = 1/2EoncE(z)12] by a grating
of thickness 1,
If(l) = fn(l)ICn + Cn+2l Io, (17)
where fn(l) = IW2xNL1/203cl2 sinc2 (7rl/ln) and In - 2/(3o - .)
In this approximation, the scattering arises from diffrac-
tion of just the pump waves, and the grating is assumed to be
independent of z. The dashed lines in Fig. 3 give the values
of In determined from Eq. (17) (up to fourth order). The
values of the parameters given, such as cell length and unsat-
urated transmittance, were typical of the ones used in the
experiments reported in Ref. 1.
To include depletion effects, we must integrate the set of
coupled equations [Eq. (16)]. We used a truncation proce-
dure in which the maximum order in the numerical calcula-
tions was greater than the maximum order to be displayed
graphically. Numerical experiments showed that these re-
sults were not sensitive to the specific truncation procedure
employed (eg., to obtain good results for order n, truncation
at n + n/2 was more than sufficient). In Fig. 3 the solid lines
for n = 1-4 were obtained by truncating at the sixth diffrac-
tion order. One can see that, at least for the parameters of
Fig. 3, the approximation without depletion is quite good,
principally when the saturation induces high transmission.
The main features of the dependence of high-order scat-
tering with the pump intensity can be understood with the
help of the limiting expressions of Eq. (17) for large and
small saturation parameters. If So << 1, we obtain
In(l) ~_fn(1)Io2n /Is2-
This growth with o2n+1 is the result expected from high-
order perturbation theory. In the other extreme, So 
we have
Inyl) fn(l)I,2 /21o,
showing that In falls to zero as 1/Jo, independently of n.
Thus, at very high intensities, all the scattered waves tend to
be of equal intensities, except for the phase-mismatch fac-
tor. At some intermediate value In must exhibit a maxi-
mum. This behavior is clearly seen in Fig. 3 for n = 1-4.
The factor fn(l) that appears in Eq. (17) takes into account
the fact that the pump and scattered waves propagate with k
vectors having different z components. As with all optical
wave-mixing processes, a coherence length In characterizes
the propagation distance within the nonlinear medium over
which phase matching is maintained. From the expression
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Fig. 3. Scattered intensities In(l) as functions of the incident total
pump intensity. Dashed curves were traced using the approximate
solution [Eq. (17)], with depletion neglected. Solid curves were
traced using a numerical integration of the coupled-wave equations
[Eq. (16)] up to sixth order. Parameters are = 100 1m, XNL = -XO
= -iX o, with a = -'o1?lc = 150 cm-' [thus the small-signal
transmittance exp(-al) = 22.3%], 0 = 0.8 deg, X = 580 nm, and 11 =
1.36. Shown in the insert are the values of S0 and In(l) (in units of
10- 3I,) corresponding to the maximum in each curve.
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is less important (larger saturation) the predictions of Eq.
(17) should improve. The prediction for the position of the
minima are adequate in both figures, although this is not
necessarily the case in general.
B. Unequal Incident Pumps
In a typical experiment the two incident waves are derived
from a single laser beam passed through a 50:50 beam split-
ter. In this subsection we show that this is not the best
condition and, furthermore, that the optimum splitting ratio
varies with the order of the observed diffracted wave.
The approximate solution equivalent to Eq. (17) (deple-
tion neglected) for the case Io+ 10 Io- is
In+(l) = '12 eocfM(i)ICE0- + Cn+,EO 1
2. (18)
In Fig. 5 we have plotted I+(l) as a function of Io+(O) for
several values of the ratio IO-(O)/Io+(0) and for n = 1 and n =
2. Note that the absolute maxima do not correspond to the
symmetric Io-/Io = 1 case, i.e., one obtains more absolute
0.8 i.o scattered power into an order angle using unequal intensity
pumps. For example, for the +1 diffraction order, the high-
est attainable intensity corresponds to I-(O)/Io+(0) 0.5
and a total incident intensity So(O) = [Io+(O) + Io-(O)I 
6.4; for the +2 order the absolute maximum occurs near
Io-(0)/Io+(o) 0.7 and SO 17. These results can be better
understood in the nonlinear polarization picture. The dif-











Fig. 4. Evolution of the diffracted waves inside the volume grating
for two values of the initial saturation parameter S(O). Note the
different scale factors for the different orders. (a) S0 (0) = 1, (b)
S0 (0) = 5. Other parameters are XNL = -X0 =-iX"O, -WX'O/fl =
6.93 cm-', X = 580 nm, and 0 = 2 deg.
in = XA/( cos 0011 - [1 - 4n(n + 1) tan 2 Oo]1/21),
which for small angles, nO0 << 1, reduces to In - X/20 2 (n2 +
n).
In Figs. 4(a) and 4(b) we plotted solutions of Eq. (16)
(again truncated to sixth order) as a function of the dye-cell
length; shown in the insert in Fig. 4(a) are the coherence
lengths in, where, according to Eq. 17, one should have In(l)
= 0. Note that, for the higher intensity of Fig. 4(b) (SO = 5),
the minima are much closer to zero than in Fig. 4(a) (So = 1).














Fig. 5. Scattered intensities in (a) the +1 and in (b) the +2 orders
as functions of the incident intensity in the +0 order and for several
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induced principally by a nonlinear polarization proportional
to (Eo+)2Eo-Cl. The two incident waves contribute sym-
metrically to the saturable grating amplitude C,; however,
they do not contribute symmetrically in the scattering term
(Eo+)2Eo+. Hence maintaining C, fixed at near its maxi-
mum value while increasing Eo+ and decreasing Eo- will
produce an overall increase in El+. The same argument
holds for all other orders and directions.
Equation (18) may be useful to analyze the wave-mixing
signal in pump-probe coherent coupling experiments. For
example, if Io- << Io+ (but Io- is still arbitrary with respect to
I,), one has a wave-mixing signal proportional to
,,+(J) C- fl(1)JClJ2Jo }
and using Eq. (10) one obtains an analytic expression with
much more accuracy, in principle, than the one obtained by
perturbative theories.
4. SOME REMARKS CONCERNING
EXTENSIONS OF THIS THEORY
In this paper we have emphasized the case of organic dyes in
solution and nanosecond pulse experiments such as those
reported in Ref. 1, conditions that, although limiting, con-
tain interesting physics. A key factor in the ease with which
we could treat this problem lies in the exact and analytic
expressions for the Fourier coefficients of S/(1 + S) in Eq.
(4). The analytic equations were a major (perhaps domi-
nant) factor in permitting a simple interpretation of the
results and providing a means to the development of ex-
tremely efficient algorithms for the computational simula-
tions.
In what follows we discuss briefly some straightforward
generalizations of practical interest-the cases of inhomo-
geneous broadening, transient populations, and more than
one excited state. In all of these, the Fourier expansion of S/
(1 + S) applies and should be useful in the theoretical treat-
ment of the problem.
A. Inhomogeneous Broadening
In the case of inhomogeneous broadening of a two-level
system with number density N, one can write
PNL = ON J tp(Q)h(Q)ES(Q)/[1 + S(Q)]}dQ,
where p(Q) and S(Q) are, respectively, the polarizability and
the saturation parameter of atoms with resonant frequency
Q. h(Q) is the distribution function of resonant frequencies.
It is perfectly legitimate to perform the spatial Fourier ex-
pansion inside the integral. Following Eq. (15), we arrive at
the same expansion that gave rise to the Cnm and Dnm coeffi-
cients in Eq. (16). However, the coefficients now depend on
the frequency Q, and the integration is not likely to result in
an analytic form.
B. Transient Effects and the Picosecond Regime
Picosecond phenomena have attracted great interest in re-
cent years, and various laser-induced grating techniques
have been proposed to measure relaxation times. We have
not considered this regime earlier since single picosecond
pulses will not normally have sufficient fluence to generate
high diffraction orders, the case of our principal interest. At
low fluence, a sinusoidal grating is more than adequate to
describe the resulting self-diffraction. Also, in the normal
mode-lock situation, the cumulative effect of many pulses
will usually give rise to a thermal grating that may complete-
ly mask any population effects.
One can envisage the cases of single-pulse selection and
very high amplification in which the conditions of the anhar-
monic population grating without thermal effects may be
attained. There is one case in which exact analytic expres-
sions for the Fourier coefficients of a transient population
grating can be obtained: a rectangular light pulse where
S(t) is constant [given by Eq. (6)] from t = 0 to t = tp and zero
otherwise. In this case we have that the excited-state popu-
lation is given by the following generalization of Eq. (7) (Ref.
24):
nl(t) = (1 + ¢e/aY'(1-expi-t[1 + S(°)]/TlJ)S(°)/(1 + S(°))
(O < t<t.
Using the results of Eq. (8) and a well-known integral form
for the Bessel functions, we can write the Fourier coeffi-
cients of this transient population in terms of Cn [given in
Eq. (10)] and the functions Jn(tS 1/Tl)exp[-t(1 + So)/Tl].
We note that the temporal evolutions of different spatial
harmonics are different, a result that is perhaps not obvious.
We are not yet able to evaluate the promise of these results
but are hopeful that other interesting insights may arise.
We are pessimistic concerning the possibility of obtaining
analytic solutions for more-complex pulse shapes.
C. More Than One Excited State
We consider the case of a third level, say, a triplet state, with
population probability nT = 1 - no - nl, lifetime TT, and
associated susceptibility XT. We take kST to be the intersys-
tem crossing rate and -r = Tl/(1 + kSTTl) the effective
singlet lifetime. Generalizing Eqs. (1) and (2),
P = o(1 2- 1)E + co(noXo + nlxl + nTXT)E
= E0(fl
2
-1 + xo)E + PNL-
In the steady-state regime we have24 nT = kSTTTnl and n,
= (TsoaI/hco)no/(1 + -soel/hc). We can then write PNL in a
form that is identical to Eq. (4), PNL = EoXNLES/(l + S).
However, now
XNL = [X1 - XO + kSTTT(XT - Xo)]/(l + kSTTT + oela),
S = (1 + kSTTT + Ue/a)jasI/hco.
Thus, in the steady-state limit, our theory can apply to
triplet-state experiments.
5. CONCLUSIONS
We have shown that a nonperturbative approach based on
the Fourier expansion of the induced grating functions gives
an accurate and easily interpreted description of self-dif-
fraction in population gratings. The analytic approach
proved to be viable and efficacious in the limit of low deple-
tion of the pump beams, even in the case of unequal pump-
ing intensities and arbitrary saturation. For the case of
large depletion, our method permits a highly efficient com-
putational solution of the general problem.
Fragnito et al.
Vol. 4, No. 8/August 1987/J. Opt. Soc. Am. B 1315
The computer simulations confirm several interesting
conclusions of the analytic solutions:
(a) The intensity of any diffracted order reaches a maxi-
mum with increasing pumping intensity (different for each
order) and reduces thereafter to a common value for all
orders. An analogous result may hold for the case of ring
patterns generated in transparent nonlinear media owing to
self-phase modulation in the k space.2 5 With further in-
crease in pump intensity, the diffracted intensity in each
order converges slowly to zero.
(b) The phase-matching condition within the saturable
absorber produces a spatial modulation with a different pe-
riod for each order. This effect can produce an extremely
large variation in the intensities on the output side of the
grating, since some orders may be minimal while others are
maximal, thus complicating the interpretation of experi-
mental observations of self-diffraction.
(c) The efficiency of high-order scattering can be sur-
prisingly high even in the case of modest saturation parame-
ters (So 2). This was observed experimentally in Ref. 1.
An interesting result of the computer simulations of the
general case is the fact that, for a given total pump power,
equal-intensity beams do not provide the optimum condi-
tion for self-diffraction into a given order.
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